Abstract. In this paper, we continue to develop the theory of free holomorphic functions on noncommutative regular polydomains. We find analogues of several classical results from complex analysis such as Abel theorem, Hadamard formula, Cauchy inequality, and Liouville theorem for entire functions, in our multivariable setting. We also provide a maximum principle and a Schwarz type lemma. These results are used to prove analogues of Weierstrass, Montel, and Vitali theorems for the algebra of free holomorphic functions on the regular polydomain, which turns out to be a complete metric space.
Introduction
We developed in [6] , [7] , [9] , [10] , [11] , [12] , and [14] a theory of free holomorphic functions on the open unit ball [B(H) k ] 1 := (X 1 , . . . , X k ) ∈ B(H) k :
where k ∈ N := {1, 2, . . .} and B(H) is the algebra of all bounded linear operators on a Hilbert space H. Several classical results from complex analysis have analogues in this noncommutative multivariable setting. This theory was extended to noncommutative regular polyballs B n in a series of papers, starting with [8] , which led to our work on the curvature invariant [18] , the Euler characteristic [19] , and the group of free holomorphic automorphisms on B n [20] . The regular polyball B n , n = (n 1 , . . . , n k ) ∈ N k , is a noncommutative analogue of the scalar polyball (C n1 ) 1 × · · · × (C n k ) 1 and has a universal model S := {S i,j } consisting of left creation operators acting on the tensor product F 2 (H n1 ) ⊗ · · · ⊗ F 2 (H n k ) of full Fock spaces.
The goal of the present paper is to continue the development of the theory of free holomorphic functions on regular polydomains D q , which was initiated in [13] , [15] , [16] , and [17] . This theory is related, via noncommutative Berezin transforms, to the study of operator algebras generated by the universal models associated with the regular polydomains, as well as to the theory of functions in several complex variable ( [3] , [21] , [22] ). We mention that the regular polydomain D q , q := (q 1 , . . . , q k ), is a noncommutative analogue of the scalar polydomain D q1 (C) × · · · × D q k (C), where D qi (C) ⊂ C ni is a domain generated by a positive regular polynomial q i ∈ C[Z 1 , . . . , Z ni ] (see Section 1). We remark that, in general, one can view the free holomorphic functions on noncommutative polydomains as noncommutative functions in the sense of [2] . Our approach is quite different and relies on the universal models associated with the regular polydomains.
After a few preliminaries on Berezin transforms on regular polydomains, we show, in Section 2, that the regular polydomain D q is a noncommutative complete Reinhardt domain. We obtain characterizations for free holomorphic functions on regular polydomains and provide analogues of several results from complex analysis such as: Abel theorem, Hadamard formula, Cauchy inequality, and Liouville theorem for entire functions.
In Section 3, we prove a maximum principle for free holomorphic functions on regular polydomains and obtain a Schwarz lemma in this setting. In Section 4, we provide analogues of the classical results of Weierstrass, Montel, and Vitali (see [1] ). These results are used to show that the algebra Hol(D q ) of all free holomorphic functions with complex coefficients on the polydomain D q is a complete metric space with respect to an appropriate metric.
We mention that most of the results of this paper, including Weierstrass, Montel, and Vitali type theorems, remain true for the radial part of the polydomains D m f , studied in [17] , and the proofs are essentially the same. We also remark that the results of this paper play an important role in our project, in preparation, concerning the free biholomorphic classification of polydomains and the associated polydomain algebras.
Preliminaries on Berezin transforms on noncommutative polydomains
A polynomial q ∈ C Z 1 , . . . , Z n in n noncommuting indeterminates is called positive regular if all its coefficients are positive, the constant term is zero, and the coefficients of the linear terms Z 1 , . . . , Z n are different from zero. Let F + n be the unital free semigroup on n generators g 1 , . . . , g n and the identity g 0 . We denote Z α := Z j1 · · · Z jp if α = g j1 · · · g jp ∈ F + n , and Z g0 = 1. If A := (A 1 , . . . , A n ) ∈ B(H) n and q = α a α Z α , a α ∈ C, we define the map Φ q,A : B(H) → B(H) by setting Φ q,A (Y ) := α a α A α Y A * α for Y ∈ B(H). Given n := (n 1 , . . . , n k ) with n i ∈ N := {1, 2, . . .}, and a k-tuple q := (q 1 , . . . , q k ) of positive regular polynomials q i ∈ C Z 1 , . . . , Z ni , we associate with each k-tuple X := (X 1 , . . . , X k ) ∈ B(H) n1 × · · · × B(H) n k the defect mapping ∆ q,X : B(H) → B(H) defined by
ni , i ∈ {1, . . . , k}, with the property that, for any s, t ∈ {1, . . . , k}, s = t, the entries of X s are commuting with the entries of X t . In this case we say that X s and X t are commuting tuples of operators. Note that the operators X i,1 , . . . , X i,ni are not necessarily commuting. Consider the noncommutative regular polydomain
where the defect mapping ∆
+ , and we use the convention that (id − Φ qi,Xi ) 0 = id, the identity mapping on B(H). 
For each j ∈ {1, . . . , n i }, we define the weighted left creation operators W i,j : 
otherwise. Now, we define the operator W i,j acting on the tensor Hilbert space
We recall (see [17] ) that , if
) and is called the universal model associated with the abstract noncommutative polydomain D − q . We recall the definition of the noncommutative Berezin kernel associated with any element
for h ∈ H, where the defect operator is defined by
and the coefficients b 1,β1 , . . . , b k,β k are given above. Here, we use the notation X i,αi :
The noncommutative Berezin kernel associated with a k-tuple X := (X 1 , . . . , X k ) in the noncommutative polydomain D − q (H) has the following properties. (i) K q,X is a contraction and
where the limits are in the weak operator topology.
(ii) If X is pure, i.e., for each i ∈ {1, . . . , k}, lim mi→∞ Φ mi qi,Xi (I) = 0 in the weak operator topology, then K * q,X K q,X = I H . (iii) For any i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }, 
Let P(W) be the set of all polynomials p(W i,j ) in the operators W i,j , i ∈ {1, . . . , k}, j ∈ {1, . . . , n i }, and the identity. If g is in the operator space
where the closure is in the operator norm, we define the Berezin transform at
where the limit is in the operator norm topology. In this case, the Berezin transform at X is a unital completely positive linear map such that
is the norm closed algebra generated by all W i,j and the identity, while the noncommutative Hardy algebra F ∞ (D q ) is the weakly closed algebra generated by W i,j and the identity. The restriction of noncommutative Berezin transform B X to the polydomain algebra A(D q ) is a completely contractive homomorphism. If, in addition, X is a pure k-tuple, then
The Berezin transform will play an important role in this paper. More properties concerning noncommutative Berezin transforms and multivariable operator theory on noncommutative balls and polydomains can be found in [8] , [9] , [12] , [14] , [16] , and [17] . For basic results on completely positive (resp. bounded) maps we refer the reader to [4] and [5] .
Free holomorphic functions on noncommutative polydomains
In this section, we show that the regular polydomain D q is a noncommutative complete Reinhardt domain. We study free holomorphic functions on regular polydomains and provide analogues of several classical results from complex analysis such as: Abel theorem, Hadamard formula, Cauchy inequality, and Liouville theorem for entire functions.
A subset
. . , k} and j ∈ {1, . . . , n i }.
Proposition 2.1. The following statements hold:
− , in the operator norm topology, coincides with D
− is a complete Reinhardt set and 
Since I − Φ qi,λiWi (I) ≥ (1 − |λ i | 2 )I, the inequality (2.1) follows. Taking into account that D q (H) is open in the operator norm topology, it is clear that if X ∈ D q (H), then there is r ∈ [0, 1) such that 1 r X ∈ D q (H). Applying the Berezin transform at 1 r X to the inequality of (2.1), when λ i = r for any i ∈ {1, . . . , k}, we deduce that
Hence,
Applying the Berezin transform at Y and using the fact that B X is a completely positive linear map, we deduce that
− , which completes the proof of item (i). Now, we prove item (ii). Using the inequality I − Φ qi,ziWi (I) ≥ I − Φ qi,Wi (I) ≥ 0 and the fact that I − Φ qi,Wi (I) commutes with I − Φ qs,Ws (I), one can deduce that if z = (z 1 , . . . , z k ), where
If X ∈ D q (H), then applying the Berezin transform at X to the inequality above, we obtain ∆ p q,zX (I) ≥ ∆ p q,X (I) > 0 for any p = (p 1 , . . . , p k ) with p i ∈ {0, 1}. This implies
Using relations (2.2) and (2.3), one can see that the first sequence of equalities in item (ii) holds. Due to relation (2.2), for each r ∈ [0, 1), we have rD q (H) − ⊆ D q (H) which together with relation (2.4) show that the second sequence of equalities in item (ii) holds. Item (iii) follows easily from item (ii). The proof is complete.
We remark that if r := (r 1 , . . . , r k ), r i > 0, then we also have
For each i ∈ {1, . . . , k}, let Z i := (Z i,1 , . . . , Z i,ni ) be an n i -tuple of noncommuting indeterminates and assume that, for any p, q ∈ {1, . . . , k}, p = q, the entries in Z p are commuting with the entries in Z q . We
Let Z be the set of all integers and Z + be the set of all nonnegative integers.
If T 1 , . . . , T n ∈ B(H), we use the notation [T 1 , . . . , T n ] to denote either the n-tuple
. . , W k ) be the universal model and {b i,αi } be the coefficients associated with the abstract noncommutative polydomain
Proof. First note that if E 1 , . . . , E m are operators on a Hilbert space and have orthogonal ranges, then [E 1 , . . . , E m ] = max j∈{1,...,m} E j . We know from [13] that for each i ∈ {1, . . . , k} and any
Since the operators W α , α = (α 1 , . . . , α k ) ∈ Λ p , have orthogonal ranges, we deduce that
which proves the first relation of the lemma. Consequently, using the fact that
we deduce that, for any h ∈ H with h ≤ 1,
Hence, we deduce that
The proof is complete.
The next result is an analogue of Abel theorem from complex analysis in our noncommutative multivariable setting.
A (α) ⊗ Z α be a formal power series with A (α) ∈ B(K) and let r = (r 1 , . . . , r k ) be such that r i > 0. Then the following statements hold.
is bounded, then the series
is convergent in rD q (H), the regular polydomain of polyradius r = (r 1 , . . . , r k ), and uniformly convergent on sD q (H) − for any s = (s 1 , . . . , s k ) with 0 ≤ s i < r i . (ii) If the set A is unbounded, then the series
are divergent for some X ∈ rD q (H) − and some Hilbert space H.
Proof. Let s i < r i for i ∈ {1, . . . , k}, and X ∈ rD q (H). Assume that there is C > 0 such that
Due to the noncommutative von Neumann inequality [17] (see also [8] ), we have
for any X ∈ sD q (H) − . On the other hand, due to Proposition 2.1, we have rD
is convergent, one can easily complete the proof of part (i).
To prove part (ii), assume that the set A is unbounded. We already know that the tuple rW :
If we assume that the series
is convergent in the operator norm, then
sequence, which contradicts that A is an unbounded set. The proof is complete.
Definition 2.4. A formal power series ϕ :=
is convergent in the operator norm topology for any X = {X i,j } ∈ ρD q (H) and any Hilbert space H. We denote by Hol(ρD q ) the set of all free holomorphic functions on ρD q with scalar coefficients.
Using Theorem 2.3, one can easily deduce the following characterization for free holomorphic functions on regular polydomains. 
converges for any r i ∈ [0, ρ i ) and i ∈ {1, . . . , k}.
Throughout the paper, we say that the abstract polydomain D q or a free holomorphic function F on D q has a certain property, if the property holds for any Hilbert space representation of D q and F , respectively. We remark that the coefficients of a free holomorphic function on a polydomain D q are uniquely determined by its representation on an infinite dimensional Hilbert space.
is a free holomorphic function on the abstract polydomain ρD q , ρ = (ρ 1 , . . . , ρ k ), then its representation on C, i.e.
is a holomorphic function on the scalar polydomain ρD q (C).
In what follows, we obtain Cauchy type inequalities for the coefficients of free holomorphic functions on regular polydomains. Theorem 2.7. Let F be a free holomorphic function on the polydomain ρD q , with representation
where A (α) ∈ B(K). Let r := (r 1 , . . . , r k ) be such that 0 < r i < ρ i and define
where the supremum is taken over all X ∈ rD q (H) − and any Hilbert space H. Then, for each k-tuple
Moreover, M (r) = F (rW) , where W is the universal model of the regular polydomain D q .
Proof. Using the fact that the operators W α , with α = (α 1 , . . . ,
for any h ∈ K. On the other hand, we have 
Hence, using the inequality above , we deduce that
for any h ∈ K. Now, the inequality in the theorem follows. The fact that M (r) = F (rW) is due to the noncommutative von Neumann inequality [8] . The proof is complete.
Note that due to the fact that there is r ∈ (0, 1) such that rP n (H) ⊂ D q (H), we have
Assume that H is an infinite dimensional separable Hilbert space. We say that F is an entire function in
In what follows, we obtain an analogue of Liouville's theorem for entire functions on B(H)
F is a polynomial of degree at most m 1 + · · · + m k . In particular, a bounded free holomorphic function must be constant.
Proof. Let F have the representation
Due to the hypothesis, we have
for any r i > 0. Using Theorem 2.7, we obtain
for any r i > 0 and i ∈ {1, . . . , k}. Note that, if there is s ∈ {1, . . . , k} such that p s > m s , then taking r s → ∞ we obtain
which implies A (α) = 0 for any α = (α 1 , . . . , α k ) with α i ∈ F + ni and |α i | = p i and any p i ∈ Z + , i = s. Hence, we deduce that
Define the set
Given a formal power series ψ :=
We say that C ψ is logarithmically convex if Ω is log-convex, i.e. the set {(log r 1 , . . . , log r k ) : (r 1 , . . . , r k ) ∈ Ω, r i > 0} is convex. (i) ψ is free holomorphic function on C ψ and
where the series is convergent in the operator norm.
(ii) C ψ is a logarithmically convex complete Reinhardt domain.
Proof. Item (i) is due to Theorem 2.3 and the uniqueness of the representation for free holomorphic functions on polydomains. To prove part (ii), note that Proposition 2.1 implies that C ψ is a complete Reinhardt domain. It remains to show that C ψ is logarithmically convex. To this end, let (r 1 , . . . , r k ) and (s 1 , . . . , s k ) be in Ω. Then there is a constant C > 0 such that
. Due to the spectral theorem for positive operators, for any t ∈ [0, 1], we have
Hence, (r ∈ Ω, which proves that C ψ is logarithmically convex. The proof is complete.
We remark that, due to Theorem 2.3, if ρ :
divergent for some X ∈ ρD q (H) − and some Hilbert space H. We call the set C ψ the universal domain of convergence of the power series ψ. In what follows, we find the largest polydomain rD q , r > 0, which is included in the universal domain of convergence C ψ . 
Then the following statements hold.
(i) The series
is convergent. Moreover, the convergence is uniform on rD q (H) − if 0 ≤ r < γ.
(ii) If γ ∈ [0, ∞) and s > γ, then there is a Hilbert space H and Y ∈ sD q (H) − such that the series
is divergent in the operator norm topology.
Proof. First, we consider the case when γ ∈ (0, ∞). Let X ∈ rD q (H) − be such that 0 ≤ r < γ and let ρ ∈ (r, γ). Then
for all but finitely many p := (p 1 , . . . , p k ) ∈ Z k + . Consequently, due to the noncommutative von Neumann inequality [8] , we have
As a consequence, item (i) holds and implies that the series
The case when γ = ∞ can be treated in a similar manner. We leave it to the reader. Now, assume that γ ∈ [0, ∞) and γ < ρ < s. Let Y := sW, where W is the universal model of D
Hence, and using relation (2.5), we deduce that
. This shows that the
is divergent and also that item (ii) holds. The proof is complete.
The number γ satisfying properties (i) and (ii) in Theorem 2.10 is unique and is called the polydomain radius of convergence for the power series ψ.
In what follows, we set Γ m := {α = (α 1 , . . . , Proof. Since
Theorem 2.10 implies that item (i) holds. To prove item (ii) is enough to show that, under the condition γ < ρ < s,
is divergent in the operator norm topology. Assume that the series above is convergent and apply it to the vector x ⊗ 1, where x ∈ K. Consequently,
e α is in the Hilbert space
is an orthonormal basis for
, we deduce that the series α∈F
Since the latter series is convergent for any r ∈ [0, 1), we deduce that
for any X ∈ ρD q (H) − , where ρ ∈ (γ, s), which contradicts Theorem 2.10. Therefore, item (ii) holds and the proof is complete.
An interesting consequence of the proofs of Theorem 2.10 and Theorem 2.11 is the following result.
Corollary 2.12. The polydomain radius of convergence of a power series ϕ :=
We also have the following characterization for free holomorphic functions on polydomains. 
is convergent in the operator norm topology for any s i ∈ [0, ρ i ). Moreover, the set Hol(ρD q ) of all free holomorphic functions with scalar coefficients on ρD q is an algebra.
Maximum principle and Schwarz lemma on noncommutative polydomains
In this section we prove a maximum principle and Schwarz type lemma for free holomorphic functions on regular polydomains.
Let H ∞ (D q ) denote the set of all elements ϕ in Hol(D q ) such that
where the supremum is taken over all X ∈ D q (H) and any Hilbert space H. One can show that H ∞ (D q ) is a Banach algebra under pointwise multiplication and the norm · ∞ . For each p ∈ N, we define the norms
where the supremum is taken over all X ∈ D q (H) and any Hilbert space H. It is easy to see that the norms · p , p ∈ N, determine an operator space structure on H ∞ (D q ), in the sense of Ruan ( [4] , [5] ).
In [17] , we identified the noncommutative algebra F ∞ (D q ) with the Hardy subalgebra H ∞ (D q ) of bounded free holomorphic functions on D q with scalar coefficients. More precisely, we proved that the map Φ :
, is a completely isometric isomorphism of operator algebras, where ϕ(rW) := ∞ q=0
q a (α) W α and the convergence of the series is in the operator norm topology. Moreover, if ϕ is a free holomorphic function on the abstract polydomain D q , then the following statements are equivalent:
, where B X is the noncommutative Berezin transform associated with the abstract polydomain D q .
Moreover, ψ is uniquely determined by ϕ, namely, ψ = SOT-lim r→1 ϕ(rW) and
We denote by A(D q ) the set of all elements g in Hol(D q ) such that the mapping
has a continuous extension to [D q (H)] − for any Hilbert space H. One can show that A(D q ) is a Banach algebra under pointwise multiplication and the norm · ∞ , and it has an operator space structure under the norms · p , p ∈ N. Moreover, we can identify the polydomain algebra A(D q ) with the subalgebra A(D q ). We proved in [17] that the map Φ :
, in the norm topology, is a completely isometric isomorphism of operator algebras. Moreover, if g is a free holomorphic function on the abstract polydomain D q , then the following statements are equivalent:
Moreover, ϕ is uniquely determined by g, namely, ϕ = lim r→1 g(rW) and
(ii) If 0 < r < 1, then the map G :
is continuous and G(X) ≤ G(rW) for any X ∈ rD q (H) − . Moreover, the series defining G converges uniformly on rD q (H) − in the operator norm topology.
Proof. If 0 < r 1 < r 2 < 1, then the inclusions Taking r := r1 r2 , we obtain G(r 1 W) ≤ G(r 2 W) . To prove part (ii), note that G(rW) ∈ A(D q )) and
− . Using again the noncommutative von Neumann inequality, we obtain
for any X ∈ rD q (H) − . Now, one can easily complete the proof.
In what follows, we prove a maximum principle for free holomorphic functions on polydomains.
Theorem 3.2. Let F be a free holomorphic function on D q and let r ∈ [0, 1). If H is an infinite dimensional Hilbert space, then
If, in addition, F has a continuous extension
Proof. Due to the noncommutative von Neumann inequality, we have
Since H is an infinite dimensional Hilbert space, there is a subspace M ⊂ H and a unitary opera-
and j ∈ {1, . . . , n i }, with respect to the decomposition H = M ⊕ M ⊥ . Set A := (A 1 , . . . , A k ) with
Hence, we deduce that F (rA) = F (rW) . Using now the inequality (3.1), we complete the proof of the first part of the theorem.
To prove the second part, assume that F has a continuous extension F to D q (K) − in the operator norm, for any Hilbert space K. Then F (A) = lim r→1 F (rA) exists in the operator norm and is equal to
For the rest of this section, we assume that H is a separable infinite dimensional Hilbert space. Since D q (H) is a complete Reinhardt domain and
we can define the Minkovski functional associated with the regular polydomain D q (H) to be the function
The polyball P n is defined by setting P n (H) :
Proposition 3.3. The Minkovski functional associated with the regular polydomain D q (H) has the following properties:
There is a polyball rP n (H) ⊂ D q (H) for some r ∈ (0, 1), where m Dq is continuous.
Proof. Assume that X ∈ B(H)
n1 × c · · · × c B(H) n k and λ ∈ C are such that X = 0 and λ = 0. It is clear that m Dq (λX) = t > 0 if and only if λX ∈ cD q (H) for any c > t, and λX / ∈ dD q (H) if 0 < d < t. Since D q (H) = e iθ D q (H) for any θ ∈ R, we deduce that the latter conditions are equivalent to X ∈ c |λ| D q (H) for any c > t and X / ∈ d |λ| D q (H) if 0 < d < t. Consequently, we obtain that m Dq (X) = t |λ| , which shows that item (i) holds. Item (ii) follows easily from item (i).
Due to Proposition 2.1, we have D q (H) = 0<r<1 rD q (H). Consequently, one can easily deduce item (iii). As we saw in the proof of the same proposition, for any r ∈ (0, 1), we have
Then there is a sequence {t m } with t m > 1 and t m → 1 such that X ∈ t m D q (H) for any m ∈ N. Taking t m → 1, we deduce that X ∈ D q (H) − . Consequently, using item (iii), one can deduce item (iv). To prove (v), note that the fact that rP n (H) ⊂ D q (H) for some r ∈ (0, 1) is obvoius. The continuity of m Dq on rP n (H) is due to the convexity of the latter polyball. The proof is complete. Now, we present an analogue of Schwarz lemma from complex analysis in the context of free holomorphic functions on polydomains.
p be a bounded free holomorphic function with
where m Bn is the Minkovski functional associated with the regular polydomain D q (H). In particular, if p = 1, the free holomorphic function
has the property that ψ(X) ≤ m Dq (X) < 1 for any X ∈ D q (H), where f (z) := F (z) for any z = {z i,j } ∈ D q (C), is the scalar representation of F .
Proof. Fix X ∈ D q (H). Due to Proposition 3.3, we have m Dq (X) < 1. Let t ∈ (0, 1) be such that m Dq (X) < t < 1. Hence, using again Proposition 3.3 we deduce that 1 t X ∈ D q (H) which, due to Proposition 2.1, implies λ t X ∈ D q (H) for any λ ∈ D := {z ∈ C : |z| < 1}. For each x, y ∈ H (p) := H ⊕ · · · ⊕ H with x ≤ 1 and y ≤ 1, define the function ϕ x,y : D → C by setting
Since F is a free holomorphic function on D q (H) and F ∞ ≤ 1, we deduce that ϕ x,y is a holomorphic function on the unit disc D and |ϕ x,y (λ)| ≤ 1. Since ϕ x,y (0) = 0, the classical Schwarz lemma implies |ϕ x,y (λ)| ≤ |λ| for any λ ∈ D. Setting λ = m Dq (X), we deduce that
for any t ∈ (0, 1) with m Dq (X) < t < 1. Using the fact that F is continuous on D q (H) and taking t → m Dq (X), we obtain | F (X)x, y | ≤ m Dq (X) for any x, y ∈ H (p) with x ≤ 1 and y ≤ 1. Hence,
To prove the last part of the theorem, assume that p = 1. Due to the classical Schwarz lemma, we have |ϕ In this section, we obtain Weierstrass, Montel, and Vitali type theorems for the algebra Hol(D q ) of free holomorphic functions on the noncommutative domain D q . This enables us to introduce a metric on Hol(D q ) with respect to which it becomes a complete metric space.
The first result is an analogue of Weierstrass theorem (see [1] ) for free holomorphic functions on noncommutative polydomains. 
is in the noncommutative disc algebra A(D q ). Due to the hypothesis, the sequence {G m (rW)} ∞ m=1 is convergent in the operator norm of B(
Consequently, there exists and operator
Since the operators W α , α ∈ Λ p , have orthogonal ranges and
Consequently, due to relation (4.2) and Lemma 2.2, we have
for any λ (β) ∈ C with β = (β 1 , . . . , β k ) ∈ F Let λ be such that 1 < λ < γ and let ǫ > 0 be with the property that ǫ < γ − λ. Note that ǫ < γ p1+···+p k − λ p1+···+p k for any p = (p 1 , . . . , p k ) ∈ Z which converges to an element G ∈ Hol(D q ), i.e., for any r ∈ [0, 1),
The set G is called locally bounded if, for any r ∈ [0, 1), there exists M > 0 such that F (rW) ≤ M for all F ∈ G.
An important consequence of Theorem 4.1 is the following noncommutative version of Montel theorem (see [1] ). 
